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Abstract: This paper presents a computer automated performance-based optimal design technique for 
topology design of continuum structures under multiple load cases. In the present method, the 
performance objective is to minimize the weight of a continuum structure subjected to system 
performance constraints. A two-level control scheme is implemented in optimization algorithms to 
achieve the optimum based on performance-based design criteria. The energy-based performance 
index is used to monitor the performance level of optimized topologies in an optimization process. 
Performance-based optimality criteria are used to identify the optimum from the optimization process. 
Examples are provided to demonstrate the capacity of the computer automated performance-based 
optimal design technique for continuum structures under multiple loading conditions. Results indicate 
that the PBO technique can results in weight savings of up to 44 percent compared to initial designs. 
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1 Introduction 
Topology optimization of continuum structures has gained popularity in structural optimization in 
recent years. Many innovative optimization methods and algorithms have been developed and 
reported in the literature. Rozvany et al. [1] presented a comprehensive survey on the layout 
optimization of structures. The homogenization-based optimization (HBO) method was developed by 
Bendsøe and Kikuchi [2] for topology design of continuum structures in 1988. Since then, extensive 
studies on the HBO method have been reported in the literature [4-6] The HBO method treats topology 
optimization of a continuum structure as a material redistribution problem in the structure made of 
composite material with microstructures. The effective material properties of the composite material 
are computed using the homogenization theory. The material volume is used in the HBO method as a 
constraint.  
 
The density-based optimization (DBO) method has been developed as an alternative to the topology 
optimization of continuum structures [7-11]. The DBO method assumes that material properties are 
constant within each finite element whose relative densities are treated as design variables. The 
effective material properties are calculated by using the power law. To ensure the existence of 
solutions, the power law approach must be combined with perimeter constraints, gradient constraints 
or filtering techniques [11]. The hard kill optimization (HKO) methods gradually remove finite elements 
from the design domain to achieve optimal topologies of continuum structures [12-17]. Without 
element elimination, Mattheck and Burkhardt [18] and Baumgartner et al. [19] proposed a soft kill 
optimization (SKO) method that uses the Youngs modulus to represent the effective stress of 
elements in the structure.  
 
The performance-based optimization (PBO) methods for continuum structures with stress, 
displacement and mean compliance constraints have been developed by Liang et al. [20-22] and 
Liang [23]. This paper extends the PBO method to continuum structures under multiple loading 
conditions. The PBO technique incorporates the finite element analysis, performance-based optimality 
criteria and performance-based design concepts into a single scheme to automatically generate 
optimal designs. The PBO method allows the designer to tailor a design to a specific performance 
level while practical design requirements are taken into account. Examples are provided to 
demonstrate the effectiveness of the PBO technique. 
2 Performance-based optimization 
2.1 Optimization problem 
  
In performance-based optimal design, the design of a structure must satisfy the serviceability and cost 
performance requirements. The serviceability design criteria require that the deformation of the 
structure must be within acceptable performance levels, which are measured by limiting values 
specified in design codes. In the PBO method, the weight of a structure is used as the performance 
objective and mean compliance are treated as performance-based constraints. The goal of the 
performance-based optimization is to minimize the weight of a structure while maintaining its mean 
compliance within limiting values. The mean compliance (strain energy) of a structure is usually used 
as an inverse measure of its overall stiffness. The optimization problems can be stated in 
mathematical forms as follows: 
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where W is the total weight of the structure, ew is the weight of the eth element, t is the thickness of all 
elements, Lt is the lower bound on the element thickness, Ut  is upper bound on the element 
thickness, N is the total number of elements, pC  is the absolute value of the mean compliance of the 
structure under the load case p, *C  is the prescribed limit of pC  and NL is the total number of load 
cases. The uniform sizing of the element thickness is considered here to simplify the optimization 
problem. 
2.2 Element removal criteria 
Sensitivity analysis on continuum structures with system performance constraints indicates that the 
change in the strain energy of a continuum structure due to the removal of the eth element can be 
approximately evaluated by the strain energy of the eth element [22]. As a result, the strain energy 
density of an element can be used to measure its contribution to the system performance of a 
structure, and is denoted as 
eeeee wuku /}]{[}{2
1 T=g                                                                                                                    (4) 
To achieve the maximum stiffness design, a small number of elements with the lowest strain energy 
densities should be systematically removed from a structure. The element removal ratio (R) for each 
iteration is defined as the ratio of the number of elements to be removed to the total number of 
elements in the initial structure. The element removal ratio is not changed in the whole optimization 
process. Tested examples indicated that the element removal ratio of 1-2% can be used to obtain 
smooth solutions. 
2.3 Performance index 
For plane stress continuum structures and plates in bending with system performance constraints, the 
performance index can be written as 
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where iCC /0=a , 0C  is the absolute value of the strain energy of the initial structure under applied 
loads, and iC  is the absolute value of the strain energy of the current structure under applied loads at 
the ith iteration and n = 1.0 for plane stress structures and 1/3 for plates in bending. For structures 
subject to multiple load cases, the performance index of a structure at each iteration can be calculated 
by using the strain energy of the structure under the most critical load case in the optimization 
process. Performance indices are used in the PBO programs to evaluate the performance of 
  
optimized designs for continuum structures and monitor the performance optimization history in an 
optimization process.  
2.4 Performance-based optimality criteria 
By gradually eliminating lowly strained elements from a continuum design domain, the distribution of 
element strain energy densities within the resulting structure will consequently become more and more 
uniform. However, the uniform condition of strain energy densities in a continuum structure may not be 
achieved even if the constraint has been violated. This means that a minimum-weight design with 
acceptable performance levels is not necessarily a structure in which the distribution of element strain 
energy densities is absolutely uniform. Therefore, the uniformity of element strain energy densities 
cannot be incorporated in continuum topology optimization methods as a termination condition to 
identify the optimum. Performance-based optimality criteria have been proposed for identifying the 
optimum from an optimization process by Liang and Steven [22]. 
Performance-based optimality criteria (PBOC) are the maximization of the performance index: 
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The PBOC mean that the optimal topology of a continuum structure under applied loads is obtained 
when the product of its associated strain energy and material consumption is a minimum. The optimal 
topology represents an efficient load-carrying system within the design domain  
2.5 Two-level control scheme 
A two level control scheme is implemented in the PBO algorithm to guarantee the success in 
achieving the optimum based on performance-based design criteria. The first level control is at the 
element removal stage. The strain energy densities of elements are calculated for each load case. A 
Logical AND condition is employed in the optimization algorithm to take account of the effects of 
multiple loading conditions on optimal designs. In the Logical AND condition, an element is eliminated 
from the design domain only if its strain energy density is the lowest for all load cases. The resulting 
structure will be stiffest with respect to the worst loading condition. The second level control is at the 
performance evaluation stage for the resulting structure. The performance index of the resulting 
structure is calculated by using the strain energy of the structure under the most critical load case in 
the optimization process. The two level control schemes are consistent with the performance-based 
optimal design concepts, which require that the overall stiffness performance of an optimal design 
must be maintained within the prescribed performance level for all loading conditions.  
2.6 Performance optimization procedure 
The PBO technique utilizes the finite element analysis (FEA) method as a modeling and computational 
tool. The strain energy densities of elements can be calculated from the results of finite element 
analyses. Lowly strained elements are identified as inefficient elements for elimination. The 
performance of a structure is improved by gradually eliminating inefficient elements from the structure. 
The process of FEA, performance evaluation and element removal is repeated until the performance 
of the structure is maximized. The optimization procedure is summarized as follows: 
(1) Model the initial continuum structure with fine finite elements.  
(2) Perform the finite element analysis on the structure. 
(3) Evaluate the performance of the resulting structure using performance indices. 
(4) Calculate the strain energy densities of elements under each load case. 
(5) Remove a small number of inefficient elements from the design domain.  
(6) Check the symmetry of the resulting structure. 
(7) Repeat step (2) to (6) until the performance index is less than unity. 
(8) Plot the performance index history and select the optimal topology. 
 
Numerical errors in the calculation of element strain energy densities caused by the adoption of 
approximate concepts in the formulation may lead to an unsymmetrical structure even if the initial 
structure has a symmetrical geometry, loading and support condition. A scheme for checking the 
symmetry of resulting structures has been implemented in PBO algorithms. Extra elements are 
  
removed from the structure to maintain the symmetry of the resulting structure under an initially 
symmetrical condition. 
3 Examples 
The computer automated PBO technique was used to investigate the effects of various loading 
conditions on optimal structures [23]. A simply supported beam under multiple load cases is depicted 
in Figure 1. The thickness of the beam was 10 mm. In load case 1, a concentrated load 1P = 40 kN 
was applied at the top of the beam. In load case 2, two concentrated loads with a magnitude of 2P  = 
20 kN were applied to the bottom of the beam as shown in Figure 1. The beam was modeled using 60 
× 30 four-node plane stress elements. The Young's modulus E = 200 GPa and Poisons ratio n  = 0.3 
were specified in the finite element analysis. The element removal ratio of 1 per cent was used in the 
optimization process for all cases. 
 
 
 
Figure 1. Simply supported beam under multiple load cases 
 
Four load cases were considered here: (a) load case 1 alone; (b) load case 2 alone; (c) two load 
cases applied at a different time, and (d) all loads acting simultaneously. The performance index 
histories of the beam under various loading conditions are shown in Figure 2. It can be seen that the 
performance of the optimal design under load case 1 alone is the same as that of the optimum under 
all loads acting simultaneously. These two optimal structures have a maximum performance index of 
1.8, which is the highest in all cases considered. The optimal design under multiple load cases in 
which load cases 1 and 2 were applied at different times has the lowest performance in comparison 
with other loading conditions. Its performance index is only 1.44. The maximum performance index is 
1.55 for the optimal structure subject to load case 2 alone. It is shown that the optimal structure under 
multiple load cases usually needs more material to construct than the one under a single load case for 
the same design space and supported condition.  
Optimal topologies generated by PBO for the beam under various loading conditions are shown in 
Figure 3. It is seen from Figure 3 that the optimal topology of the beam subject to load case 1 is the 
simplest. It transfers the point load from the top of the beam to two supports through two direct load 
paths. When the two point loads 2P are applied at the bottom of the beam, the loads are transferred to 
the arch through ties and than to the supports. A complex load-carrying system is formed, as shown in 
Figure 3(b). When multiple load cases are applied to the beam, the ties and arch shown in Figure 3(c) 
are adjusted to transfer the loads 1P  and 2P . The optimal structure obtained for the beam with the 
loads 1P  and 2P  acting simultaneously is presented in Figure 3(d). This structure is simpler than that 
under multiple load cases. When compared with the scaled initial structure, optimal designs presented 
  
in Figure 3(a) to (d) have resulted in material volume reduction by 44.4, 35.5, 30.6 and 44.4 per cent, 
respectively.  
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Figure 2. Performance index histories 
 
      
 
(a) Load case 1, PI = 1.8                 (b) Load cases 2, PI = 1.55 
 
     
 
(c) Multiple load cases, PI = 1.44       (d) All loads acting, PI = 1.8 
  
Figure 3. Optimal topologies of continuum structure under various loading conditions 
 
4 Conclusions 
The computer automated performance-based optimal design technique for topology design of 
continuum structures under multiple load cases has been presented in this paper. The PBO technique 
incorporates the finite element analysis, performance-based optimality criteria and performance-based 
design concepts into a single scheme to automatically generate optimal topologies of continuum 
structures subjected to system performance constraints. A two-level control scheme has been 
implemented in the optimization program to obtain the optimal designs. Performance indices are used 
in the PBO algorithms to evaluate the performance of topologies produced in an optimization process. 
Performance-based optimality criteria are employed to identify the optimum from the optimization 
history. Examples presented demonstrate that the PBO technique can produce optimal topologies of 
continuum structures under multiple load cases. The computer-automated PBO technique allows the 
  
designer to tailor the designs to specific performance levels and is an effective design tool for use in 
performance-based design of engineering structures.  
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